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ABSTRACT 

Frequency measurements versus microwave power 
(P,x),  lamp temperature (TL),  and cell temperature 
(T,) have been made on a passive Rb87 frequency 
standard. The lamp and integrated cell, upon which 
the measurements were made, are typical of the ma- 
jority of  the commercial rubidium standards in  the 
field. This is the first report of the frequency 
dependence upon PVh. 

The data are discussed in terms of line inhomo- 
geneity. A spatially varying resonant frequency of 
the atoms in  the cell plus their relative immobil- 
ity produces inhomogeneities of roughly the magni- 
tude used  in  the  analysis. The good qualitative 
fit  of  the calculations to our data makes us feel 
that  this inhomogeneity is the cause of  the ob- 
served dependence upon Pph and TL. 

I. Background 

The vast bulk of the users of frequency stan- 
dards find  one version or another of quartz crystal 
oscillator adequate for their purposes. There are 
applications, however, where long  term stability 
better than uY(2,7>1 month) = 3 ~ 1 0 - l ~  is required 
[ay!2,~),  the square root  of  the two-sample Allan 
variance, is a common and useful time-domain 
measure of frequency stability] .l Atomic frequency 
standards are used  to meet these requirements and, 
of the various types in use, the passive Rb gas 
cell is probably the most prevalent.* The  stabil- 
ity  for a onelnonth averaging time ( ~ = l  month) is 
= 1 to 2xlO-ll for most commercial  unit^.^^^ Such 
a unit uses what  is known as  an integrated cell--a 
single cell which contains both the Rbs7 "working 
gas"  and  the  Rb85 gas which acts  as an optical 
filter.4 Long term stability data has been re- 
ported  on other units whose filter was external to 
the ~ e l l . ~ 9 ~  These data yield Cy(2,T = 1 month) 
1 2 to 4~10-l~. 

It has been suggested that slow variations of 
pumping  lamp intensity are, at  least partly, re- 
sponsible for  long  term instabilities in some com- 
mercial Rb  standards.6 (Those exhibiting 
cy(2,' = 1 month) = 2 to 4~10-l~). It seemed 
reasonable to us that variations in microwave power 
level  might  also Produce long  term instabilities. 
Implicit in the idea that fluctuation in these 
parameters can cause instability, is the assumption 
that  the density of buffer gas in the cell is so 

high that any given Rb87 atom is essentially fixed 
in position for a duration sufficient to allow 
stimulated emission. This procedure allows a 
usable signal-to-noise ratio by making wall relax- 
ation negligible and  by significantly increasing 
the optical pumping effi~iency.~ Under these 
conditions, the resonance frequency of the atoms in 
one  part of the cell will--if the pumping light is 
spectrally displaced from the desired transition-- 
be different from that  in other parts of the  cell. 
A  change in either pumping light intensity (as 
caused, for example, by a change in lamp temper- 
ature) or microwave power will then change the 
weighting of the sampling of the cell and result in 
a frequency change. This is a line inhomogeneity 
effect and  it  is this effect which is the main 
subject of this paper. 

11. Experimental Results on Frequency Shift 

In the work reported here we have examined fre- 
quency shift versus: microwave power ( P v k ) ;  lamp 
temperature (TL); cell temperature (Tc); and 
magnetic bias. Frequency measurements have been 
made previously versus TL and Tc, but measurements 
versus Ppk have not been reported.8 The effect of 
a uniform magnetic field on the F = 1, mF = 0 -F 
= 2, mF = o transition is given as \. = v0  + 573 ~,2. 
The frequency of the RbS7 atoms in zero field is d o  

and (when the field, H,, is given in oersteds) the 
output frequency, v ,  is given in hertz.7 

The measurements were made with the system 
shown in Figure 1. The lamp, cell, photo detector, 
and  the temperature servos are of commercial design 
and manufacture. The rest bf the system is  from 
our laboratory. The output of the cavity,  to which 
the step-recovery diode is coupled, is a spectrally 
pure  6.835 GHz at a level of 2.0 mW. 

Our cell contains Rb87  and  Rb85  in their 
naturally occuring proportion and N2 at a pressure 
of approximately 1.3 K Pa (10  Torr).9 This high 
buffer gas pressure--in addition to inhomogeneity 
effects emphasized here--causes a significant fre- 
quency dependence upon Tc. We measured a frac- 
tional frequency change of 3.3~10-~O/' C about the 
nominal Tc value of 73" C. Consequently, Tc had  to 
be well stabilized and continually monitored. 

Frequency measurements were made versus ? L  
from about 100" C to 124" C. At the lowest value 
of TL, useful precision i n  frequency measurements 
could be obtained at microwave levels from 
to P!,jmax -30 dR. [With the atten (see 
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F i g u r e   1 )   s e t   t o   z e r o ,   t h e  maximum poss ib l e   power ,  
Pphmax, is d e l i v e r e d   t o   t h e   c a v i t y .  A rough e s t i -  
mate of t h i s  power i s  50 pW. The  power a t   t h e  
i n p u t   t o   t h e   a t t e n u a t o r ,   h o w e v e r ,  i s  a n   a c c u r a t e l y  
c o n t r o l l e d  2 m i l l i w a t t s .   I n   t h e   f i g u r e s   d i s p l a y i n g  
'Rb versus   Ppx  , t h e   o u t p u t  power  from t h e   a t t e n  i s  
g i v e n   i n  terms o f   t he  power a t  i t s  i n p u t . ]  A t  t h e  
h i g h e s t   v a l u e   o f  TL t h e   r a n g e  was P 
-40 dB. 

pkmax t o  Ppkmax 

F i g u r e  2 d i sp lays   f r equency   change   ve r sus  PpA,  
a t  nominal   values  of Tc and   magne t i c   f i e ld   o f  
- 3 ~ 1 0 - ~  T e s l a  (300 m i l l i g a u s s )   f o r   t h r e e   v a l u e s   o f  
TL. From t h e   p o i n t   o f   v i e w   o f   f r e q u e n c y   s t a b i l i t y ,  
i t  is i m p o r t a n t   t o   s e e   t h a t   t h e r e  i s  a z e r o   s l o p e  
i n   t h e  TL = 112" C cu rve   wh ich   co r re sponds   t o   ze ro  
power s h i f t .  

I t  i s  c l e a r   t h a t   t h e   d e p e n d e n c e  on P I lx i s  nor- 
m a l l y   s t r o n g .  For example, a t  TL = 112" C and a P 
of -24 dB, a change  of  only 0.4  dB would  produce a 
change i n  f r e q u e n c y   o f   a b o u t   1 ~ 1 0 - l ~ .  Our mea- 
surements  and those   o f   Al lan  and S t e i n 8  show t h a t  
the  dependence  of  "Rb on TL and Tc c a n   a l s o   b e  
q u i t e   s t r o n g   f o r   t h i s   t y p e   o f   u n i t .   B u t ,   j u s t   a s  
fo r   t he   dependence  on  Pph, i n s u f f i c i e n t   i n f o r m a t i o n  
is a v a i l a b l e   t o   c o n c l u s l v e l y   d e c i d e   o n   t h e   i m p o r -  
t a n c e   o f   t h e s e   p a r a m e t e r s   t o   t h e   l o n g   t e r m   s t a b i -  
l i t y  of a t y p i c a l   c o m m e r c i a l   u n i t .  

In our  test  s e t u p ,  a s o l e n o i d   ( c o n s i s t i n g  of 
two s h o r t   s e g m e n t s   o f   c o i l   s u r r o u n d i n g   t h e   c e l l )  
p r o d u c e s - - i n   a d d i t i o n   t o   t h e   u s e f u l  H, f ie ld- -a   dc  
m a g n e t i c   g r a d i e n t   a l o n g   t h e   a x i s   o f   t h e   c e l l .   T h i s  
g r a d i e n t  i s  l a r g e  and i t  r e s u l t s - - i n   c o m b i n a t i o n  
wi th  a h i g h   b u f f e r   g a s   p r e s s u r e - - i n  a l i n e  inhomo- 
g e n e i t y   t h a t   p r o d u c e s   f r e q u e n c y   s h i f t s   o f   p r a c t i c a l  
consequence. 

The a n a l y s i s   o f   B u s c a  e t  a 1 . l 0   c a n   b e   e a s i l y  
g e n e r a l i z e d   t o   a c c o u n t   f o r   a n   a x i a l l y   v a r y i n g   f r e -  
quency  due t o   m u l t i p l e   c a u s e s :   F o r   e x a m p l e ,   f o r  a 
s p a t i a l l y   v a r y i n g   l i g h t   s h i f t   a n d  a magne t i c   g ra -  
d i e n t .  From the   knowledge   of   the   geometry   o f   the  
so l eno id   a round   t he   ce l l   and   t he   cu r ren t   wh ich  i t  
c a r r i e s ,  we have a rough   e s t ima te   o f   t he   magne t i c  
g r a d i e n t .  We canno t ,   however ,   d i r ec t ly   measu re  
l i g h t   s h i f t   a s  a f u n c t i o n   o f   a x i a l   p o s i t i o n   b e c a u s e  
t h e   o u t p u t   l i n e ,   i n   c e n t e r   f r e q u e n c y   a s   w e l l   a s   i n  
ampl i tude ,  i s  a weighted  mean o f   t h e   r e s p o n s e   o v e r  
t h e   e n t i r e   c e l l .   N e v e r t h e l e s s ,  i t  seemed t h a t   t h e  
s i t u a t i o n  w o u l d   b e   c l a r i f i e d   i f  w e  r e p e a t e d   o u r  
measurements   of   f requency  versus  P I l ~  and TL wi th  no 
c u r r e n t   i n   t h e   b i a s i n g   c o i l ,  i . e . ,  no   app l i ed   g ra -  
d i e n t .  

F igu res  3 and 4 are measurements   with  appl ied 
g r a d i e n t  a n d   w i t h o u t ,   r e s p e c t i v e l y ,  so t h a t   F i g u r e  
3 is a r epea t   o f   F igu re  2 e x c e p t   t h a t  we have  added 
one new parameter .   For   each   va lue   o f  TL we now 
make measurements  with  and  without a n e u t r a l -  
d e n s i t y   o p t i c a l   f i l t e r   o f  50 p e r c e n t   t r a n s m i s s i o n .  
The r a t i o n a l e   h e r e  was t h a t   l i g h t   s h i f t   d e p e n d s   n o t  
o n l y   o n   p e a k   i n t e n s i t y   b u t   a l s o   o n   t h e   s p e c t r a l   d i s -  
t r i b u t i o n  of   the   pumping   l igh t .   Us ing   the   op t ica l  
f i l t e r   c h a n g e s   o n l y   i n t e n s i t y   a n d   t h a t  by a known 
amount . 
111. I n t e r p r e t a t i o n   o f   t h e   D a t a  

Cond i t ions  are s u c h   a s   t o   c a u s e   t h e   r e s o n a n t  
f r e q u e n c i e s   o f   t h e   a t o m s   t o   v a r y   w i t h   a x i a l   p o s i -  
t i o n   i n   t h e   c e l l .  A comparison  of  Figures 3 and 4 
demons t r a t e s  a s ign i f i can t   dependence   upon  t h e  in -  
t e n t i o n a l l y   a p p l i e d   m a g n e t i c   g r a d i e n t .  

To a p p l y   t h e   t h e o r y ,   s e v e r a l   o t h e r   p a r a m e t e r s  
need a l s o  be  known. A t  t h i s  p o i n t ,  a d i s c u s s i o n  of 
the  physical   mechanisms involved  w i l l  be u s e f u l .  

A. Physical  Mechanisms 

R e f e r r i n g   t o   F i g u r e   5 a ,   t h e   n e t   r e s u l t   o f   t h e  
o p t i c a l  pumping i s  t o  o v e r p o p u l a t e   s t a t e  2 w i th  
r e s p e c t   t o   s t a t e   I f   t h e n ,   m i c r o w a v e   r a d i a t i o n  
a t  a f r e q u e n c y   c o r r e s p o n d i n g   t o   t h e  2-1 t r a n s i t i o n  
is app l i ed ,   t he   ensemble  i s  moved back  towards 
t h e r m a l   e q u i l i b r i u m .  When the   microwave   f requency  
vpx i s  o n   r e s o n a n c e ,   t h e   t o t a l   l i g h t   t r a n s m i t t e d  
t h r o u g h   t h e   c e l l   t o   t h e   p h o t o   d e t e c t o r  i s  somewhat 
s m a l l e r   t h a n   i f  i t  is o f f   r e s o n a n c e .   I f  vpx  i s  
swep t   t h rough   r e sonance ,   an   abso rp t ion   cu rve  
r e s u l t s ,   t h e   p o s i t i o n   o f  whose  peak d e f i n e s   t h e  
resonant   f requency   of   the   sys tem.  To  o b t a i n  
e f f e c t i v e   o p t i c a l  pumpin?* i t  i s  s t a n d a r d   p r a c t i c e  
t o   u s e  Rb85 a s  a f i l t e r .   U n f o r t u n a t e l y ,   t h e  
f i l t e r i n g   a d d i t i o n a l l y   p r o d u c e s  a s h i f t   i n   t h e  
r e s o n a n t   f r e q u e n c y   c a l l e d   t h e   l i g h t   s h i f t ,  L S . l 0  

Use o f   a n   i n t e g r a t e d   c e l l - - a s   i n   t h e   p r e s e n t  
s t u d y - - f u r t h e r   c o m p l i c a t e s   t h e   i n t e r p r e t a t i o n .  
With Rb85 i n   t h e   c e l l ,   r a t h e r   t h a n   i n  a s e p a r a t e  
f i l t e r ,   t h e  F = 1 and F = 2 pump l i n e s   b o t h   a r r i v e  
a t  t h e   f r o n t   o f   t h e   c e l l   w i t h   s i g n i f i c a n t   i n t e n -  
s i t y .   T h i s  means t h a t   t h e  pumping i n   t h e   f r o n t  
p a r t   o f   t h e   c e l l  w i l l  b e   i n e f f i c i e n t  and t h a t  
p o r t i o n  of t h e   c e l l  w i l l  make v e r y   l i t t l e  
c o n t r i b u t i o n   t o   t h e   n e t   a b s o r p t i o n .  A s  t h e   l i g h t  
p r o g r e s s e s  down t h e   c e l l   t h e  Rb85 a t o m s   a t t e n u a t e  
t h e  F = 2 l i n e   r e l a t i v e   t o   t h e  F = l and t h e  
pumping e f f i c i e n c   i n c r e a s e s .   F i g u r e  5b  shows t h e  
o v e r l a p   o f   t h e  Rbi7 pump l i n e s   w i t h   t h e  Rb85 
a b s o r p t i o n   l i n e s .   I f   t h e   r e l a t i v e   i n t e n s i t i e s   o f  
t h e  two  pumping l i n e s   a t   t h e   f r o n t   o f   t h e   c e l l   a r e  
known, t h e n   t h e  pumping r a t e  r(z), a s  a f u n c t i o n   o f  
2 ( t h e   p o s i t i o n   a l o n g   t h e   a x i s   o f   t h e   c e l l )   c a n  b2 
c a l c u l a t e d .   I n   t h e   u n i t   u n d e r   s t u d y ,   t h e  lamp  con- 
t a i n s   b o t h  Rb87 and Rb85 so  t h a t   t h e r e   a r e   f o u r  
e m i s s i o n   l i n e s   r a t h e r   t h a n   t h e   t w o   u n d e r   d i s c u s s i o n  
above. The d e n s i t i e s   o f   t h e  Rb87 and Rb85 i n   t h e  
lamp  have  been  chosen so a s   t o   s i g n i f i c a n t l y   r e d u c e  
t h e  LS.9 The p resence   o f   t he   add i t iona l   pumping  
l i n e s   f u r t h e r   o b s c u r e s   t h e   k n o w l e d g e   o f  r(Z) w i t h  
t h e   r e s u l t   t h a t  we a r e   f o r c e d   t o   a s s u m e  a T(Z) a s  
w e l l  as an LS dependence. 

I n   t h i s   u n i t ,   a s   i n   o t h e r   a t o m i c   s t a n d a r d s ,  a 
Z -d i r ec t ed   magne t i c   b i a s  is  a p p l i e d   c a u s i n g   t h e  
r equ i r ed   magne t i c   componen t   o f   t he   app l i ed   mic ro -  
wave f i e l d   t o   a l s o   b e   Z - d i r e c t e d .  The a x i a l  d i s t r i -  
b u t i o n   o f   t h i s  component i n   t h i s  and o t h e r  Rb de- 
v i c e s   h a s  a s inuso ida l   dependence   w i th  a maximum i n  
t h e   c e n t e r   o f   t h e   c e l l .   T h i s   m e a n s   t h a t   f o r  weak 
Ppk, t h e   m a j o r   i n t e r a c t i o n ,  and thus   t he   ma jo r   de -  
t e r m i n e r   o f   t h e   c e n t e r   f r e q u e n c y ,  comes  from t h e  
c e n t e r   o f   t h e   c e l l .  Knowledge  of the   microwave  
f i e l d   d i s t r i b u t i o n   p l u s   a n   e x p e r i m e n t a l   m e a s u r e   o f  
l i n e w i d t h   v e r s u s  Ppk a l l o w s   u s   t o   e v a l u a t e   t h e  
microwave e x c i t a t i o n  r(Z). Figure  6 shows l i n e -  
w i d t h   v e r s u s  TL w i t h  Ppx as a pa rame te r .   I n  
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a d d i t i o n   t o   p e r m i t t i n g   a n   e m p i r i c a l   e v a l u a t i o n   o f  
T(Z), t h e s e   d a t a   a i d   i n   c h o o s i n g  a T(Z) f o r   u s e   i n  
t h e   c a l c u l a t i o n .  

The l a r g e   l i n e w i d t h  a t  l a r g e  Ppx is due t o  
s a t u r a t i o n   o f   t h e   m i c r o w a v e   t r a n s i t i o n .  The h igh  
b u f f e r   g a s   d e n s i t y   h o l d s   t h e  Rb a t o m s   e s s e n t i a l l y  
f i x e d   i n   p o s i t i o n   o v e r  a d u r a t i o n   l o n g   c o m p a r e d   t o  
the   s t imu la t ed   emis s ion   t ime   f rom  s t a t e s  2 t o  1 
(see Figure   5a) .   This   means   tha t   the   a toms  near  
t h e   c e n t e r   o f   t h e   c e l l  are t h e   f i r s t   t o   e x p e r i e n c e  
mic rowave   s a tu ra t ion .  A s  PIJx i s  i n c r e a s e d ,   t h e  
p o s i t i o n   i n   t h e   c e l l   c o r r e s p o n d i n g   t o   t h e  mean f r e -  
quency  of   response moves  toward  the  back  (photo 
d e t e c t o r )  end  of t h e   c e l l .   F i g u r e  7 shows t h e  
maximum i n t e n s i t y   ( i n t e n s i t y   a t   t h e  peak   of   the  
a b s o r p t i o n )   v e r s u s  TL wi th  Ppi a s   t h e   p a r a m e t e r .  
I t  c a n   b e   s e e n   t h a t   t h e   s a t u r a t i o n   e f f e c t  is more 
pronounced   a t   lower   va lues   o f  TL ( l o w e r   l i g h t  
i n t e n s i t i e s ) .  

B. The C a l c u l a t i o n  

What we want t o   c a l c u l a t e  i s  t h e   v a r i a t i o n   o f  
t h e  pumping r a t e  r'(z) a s  a f u n c t i o n  of t h e   f r e -  
quency   and   i n t ens i ty   o f   t he   mic rowave  s i  n a l .   T h i s  
dependence is d e s c r i b e d  by t h e   e q u a t i o n  1 9  

d T ' ( z )  = -Oln2(z)r '(Z)dz (1) 

where : 

y1 = l o n g i t u d i n a l   r e l a x a t i o n   r a t e   i n   t h e   a b s e n c e   o f  

y2 = t r a n s v e r s e   r e l a x a t i o n   r a t e   i n   t h e   a b s e n c e   o f  
a p p l i e d   f i e l d s ;  

a p p l i e d   f i e l d s ;  
is the   f r equency   o f   t he   app l i ed   mic rowave   f i e ld ;  

uo is t h e  cen te r   f r equency   o f   t he  Rbg7  atoms i n   t h e  

4 2 )  i s  t h e   t o t a l   c h a n g e   i n   r e s o n a n t   f r e q u e n c y  

W 1  5 WO + a ( z )  ; 

a b s e n c e   o f   a p p l i e d   f i e l d s ;  

brought   about  by e f f e c t s   s u c h  as LS and  magnetic 
g r a d i e n t  ; 

ul i s  a p r o p o r t i o n a l i t y   c o n s t a n t .  

The v a r i a t i o n   i n  pumping   l i gh t - - a s   r ece ived   a t  

t h e   p h o t o c e l l - - i s   t h e n   o b t a i n e d   b y   i n t e g r a t i n g  
dl-' (2 )  o v e r   t h e   l e n g t h   o f   t h e   c e l l :  

where L i s  t h e   l e n g t h   o f   t h e   a b s o r p t i o n   c e l l .  

I f ,   t h e n ,   t h e  microwave  frequency i s  v a r i e d  
and t h e   i n t e g r a t i o n   o f   e q .  ( 2 )  performed  for   each  
f r e q u e n c y ,   t h e   p l o t   o f   l i g h t   r e c e i v e d  a t  the   photo-  
c e l l   v e r s u s   f r e q u e n c y   d i s p l a y s   a n   a b s o r p t i o n   d i p .  

Equat ion  ( 2 )  can   be   eva lua ted   fo r  a g iven  set 
o f   p a r a m e t e r s   i f  I ? ( z )  i s  known f o r   t h o s e   c o n d i -  
t i o n s ,  We have   ca l cu la t ed   t he   change   i n  VRb v e r s u s  
Ppx by assuming two f u n c t i o n s   f o r  T ' ( z ) .  The f i r s t  
1s t o   s t m u l a t e d   t h e  TL = 124" C d a t a  of   Figure 3 
a n d   t h e   s e c o n d   t o   s i m u l a t e   t h e  TL = 116" C of  
F igu re  4 .  

T h e s e   f u n c t i o n s   a r e   b a s e d  on the  assumed  form 

r l 

where rmax i s  es t ima ted   f rom  the   expe r imen ta l  
r e s u l t s   f o r   l i g h t   b r o a d e n i n g   ( F i g u r e  6 ) .  The 
q u a n t i t i e s  zmax  and A were   p i cked   t o   g ive   t he   bes t  
f i t   t o   t h e   d a t a   o f   F i g u r e s  3 and 4.  For 
TL = 124" C, zmax i s  t a k e n   e q u a l   t o  L ;  f o r  
TL = 116" C, zmax L/2.  

The  low va lue   o f  r(z) a t  t h e   e n t r a n c e   t o   t h e  
c e l l  ( z  = 0) r e p r e s e n t s   t h e   f a c t   ( d i s c u s s e d   a b o v e )  
t h a t   t h e  Rb85 a toms   have   no t   ye t   exe r t ed   t he i r  
f i l t e r i n g   e f f e c t .  A s  t h e   l i g h t   p r o g r e s s e s  down t h e  
c e l l   t h e  Rb85 f i l t e r i n g   a c t i o n  and   t he   abso rp t ion  
due t o   t h e  Rb87, F = 1 t r a n s i t i o n   o p p o s e   e a c h   o t h e r  
i n   d e t e r m i n i n g  r(z). F o r   s u f f i c i e n t l y   h i g h  TL ( o r  
low Rb87 d e n s i t y )   t h e   i n c r e a s i n g   e f f i c i e n c y  predom- 
i n a t e s  and r(z) i n c r e a s e s   a l l   t h e  way t o   t h e  end of 
t h e   c e l l .   O t h e r w i s e ,   t h e   a b s o r p t i o n   a t t e n u a t e s   t h e  
l i g h t  enough t h a t  r(z)  r e a c h e s  a maximtic: p a r t  way 
down t h e  c e l l  and d e c r e a s e s   t h e r e a f t e r .  

E i t h e r  of these   a s sumed   func t ions   fo r  T ( z )  can 
now b e   i n s e r t e d   i n t o   e q u a t i o n  ( 2 )  and   t he   ou tpu t  o f  
t h e   p h o t o c e l l   c a l c u l a t e d .   ( T h i s   r e q u i r e s   t h e   a d d i -  
t i o n a l   a p p r o x i m a t i o n   t h a t   t h e   e f f e c t   o f   t h e   c e l l  i s  
m e r e l y   t o  a l t e r  the   ampl i tude   o f   t he  pumping l i n e  
and  not  i t s  s p e c t r a l   d i s t r i b u t i o n . )   F i g u r e  8 shows 
c a l c u l a t i o n s   o f   t h e   p e a k   v a l u e   ( r e s o n a n c e   v a l u e )   o f  
AI? a s  a funct ion  of   microwave  power.  The  assumed 
T'(z) f o r  TL = 124" C was used. The +l0 dB v a l u e  
o f  F'kk i s  10 dB g r e a t e r   t h a n   t h e  maximum power 
a v a i l a b l e   i n   t h e   e x p e r i m e n t .  The expe r imen ta l  
v a l u e s   ( f r o m   t h e  TL = 124" C d a t a   o f   F i g u r e  7 )  a r e  
shown for   comparison.  The f i t  i s  good.  Figure 9 
shows t h e   f u l l   l i n e w i d t h s   c a l c u l a t e d   f o r   t h e  same 
s e t  of   parameters .  The da ta   f rom  F igu re  6 
(TL = 124" C) i s  g iven   fo r   compar i son .   Aga in ,   t he  
f i t  is r a the r   good .  

To c a l c u l a t e  VRb v e r s u s  P a  we mus t   a l so  
assume a f r e q u e n c y   g r a d i e n t ,  a(z). The r e s u l t s   o f  
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such a c a l c u l a t i o n   a r e   p a r t i c u l a r l y   s e n s i t i v e   t o  
ou r   a s sumpt ions   fo r  T'(z) and ( 2 ) .  We emphasize 
a g a i n   t h a t   o u r   p u r p o s e   i n   d i s p l a y i n g   t h e s e   c a l c u -  
l a t i o n s  i s  t o  show t h a t   t h e   o b s e r v e d   s e n s i t i v i t y   o f  
VRb t o  TL and Pph i s  due t o   l i n e   i n h o m o g e n e i t y  and 
n o t   t o   c l a i m   t h a t  T'(z) and ~ ( z )  e x a c t l y   r e p r e s e n t  
t h e   e x p e r i m e n t a l   s i t u a t i o n .   F i g u r e   1 0  shows VRb 
v e r s u s  Ppk f o r   f o u r   s e t s   o f   p a r a m e t e r s .  The upper 
two c u r v e s   s i m u l a t e   t h e  TL = 124" C d a t a  of   Figure 
3 .  F o r   t h i s   c a l c u l a t i o n  we have  assumed (*(!L) t o  be 
due e n t i r e l y   t o  a n   a p p l i e d   m a g n e t i c   g r a d i e n t .  The 
g r a d i e n t  i s  t a k e n   t o   b e   p a r a b o l i c  i n  shape ,   w i th  
t h e   f i e l d  maximum i n   t h e   c e n t e r   o f   t h e   c e l l ,  and 
w i t h   t h a t  maximum c o r r e s p o n d i n g   t o  a f requency  ex-  
cu r s ion   o f  20 Hz. For   the   upper   o f   the   h igh   l igh t  
i n t e n s i t y   c u r v e s   o f   F i g u r e   1 0  we have   used   the  
assumed T ' ( z )  f o r  T L  = 124' C. To s i m u l a t e   t h e  
o p t i c a l   f i l t e r ,   t h e   c u r v e   w i t h   c r o s s e s  was c a l c u -  
l a t e d  by r educ ing  T'(z) by h a l f .  

The TL f 116" C d a t a   o f   F i g u r e  4 i s  s imula t ed  
by t h e  low l l g h t   i n t e n s i t y   c u r v e s   o f   F i g u r e  10. 
For t h e   " u n f i l t e r e d "   c u r v e  we have  used  the  assumed 
T'(z) f o r  TL = 116" C .  T'(z) was reduced by h a l f  
fo r   t he   o the r   cu rve .   Fo r   bo th   cu rves  we have   aga in  
a s sumed   t he   magne t i c   g rad ien t   u sed   fo r   t he   o the r  
p a i r ,   b u t ,   r e v e r s e d   t h e   s i g n .  DC m a g n e t i c   f i e l d  
measurements show t h a t   t h i s  i s  n o t   o n l y   q u a l i t a -  
t i v e l y   c o r r e c t   b u t   t h e   g r a d i e n t  i s  e v e n   l a r g e r   t h a n  
t h a t   d u e   t o   t h e   e x t e r n a l l y   a p p l i e d   b i a s .   T h i s   g r a -  
d i e n t  is due t o   t h e   p e r t u r b i n g   e f f e c t  upon t h e  
E a r t h ' s   m a g n e t i c   f i e l d   o f  t h e  m a g n e t i c   s h i e l d  sur- 
r o u n d i n g   t h e   c e l l .  

S e v e r a l   p o i n t s   a r e   w o r t h   n o t i n g   a b o u t  
F i g u r e  10. 

H i g h   L i g h t   I n t e n s i t y  

I n  moving  from t h e   f i l t e r e d   t o   t h e   n o n f i l t e r e d  
c u r v e   ( f o r   f i x e d  Ppx) t h e   f r e q u e n c y   i n c r e a s e s .  We 
c a l l   t h i s   e f f e c t  a " p o s i t i o n   s h i f t . "  It  i s  a 
t o t a l l y   d i f f e r e n t   e f f e c t  f r o m   t h e   p h y s i c a l   l i g h t  
s h i f t   ( w h i c h  was set  t o   z e r o   i n   t h i s   c a l c u l a t i o n ) .  
By r e m o v i n g   t h e   f i l t e r ,   t h e  pumping r a t e  i s  in-  
c reased   th roughout   the   ce l l .   Because   the   microwave  
i n t e n s i t y   m a x i m i z e s   i n   t h e   c e n t e r   o f   t h e   c e l l ,   t h e  
i n c r e a s e d  pumping i n c r e a s e s   t h e   r e l a t i v e   c o n t r i -  
bu t ion   of   the   a toms  in   the   middle   por t ion   o f   the  
c e l l ,   t h u s   s h i f t i n g   t h e   c e n t e r   f r e q u e n c y   o f   t h e  
o v e r a l l   r e s p o n s e   t o  a h i g h e r   v a l u e .  

These   cu rves   exh ib i t  a n e g a t i v e   s h i f t   w i t h  
i n c r e a s i n g  PFh. The p o s i t i o n   s h i f t   a g a i n   e x p l a i n s  
t h i s   b e h a v i o r .  As Pkk i s  i n c r e a s e d   t h e   r e l a t i v e  
c o n t r i b u t i o n   o f   t h e   b a c k   e n d   o f   t h e   c e l l  is in-  
c r eased .   S ince   t he   f r equency   o f   t he   a toms   i n   t h i s  
p o r t i o n   o f   t h e   c e l l  i s  l o w e r   t h a n   i n   t h e   c e n t e r ,  
t h e   n e t   r e s p o n s e  moves t o  a lower  f requency.  Not 
shown i n   t h e   f i g u r e  i s  t h e   e x p e c t e d   r e s u l t   t h a t ,   a s  
Pph is d e c r e a s e d   t o   v e r y  low v a l u e s ,   t h e  two c u r v e s  
a s y m p o t i c a l l y   a p p r o a c h   h o r i z o n t a l   l i n e s .  

There i s  a d e c r e a s i n g   d i f f e r e n c e   b e t w e e n   t h e  
f i l t e r e d  and u n f i l t e r e d   c u r v e s   a s  Pph is i n c r e a s e d .  
Th i s  i s  b e c a u s e   t h e   c e l l  i s  becoming  increas ingly  
s a t u r a t e d   a s  Ppx is inc reased ,   and   consequen t ly   t he  
i n c r e m e n t   i n   t h e   p o s i t i o n   s h i f t   b e c o m e s   s m a l l e r .  

Each o f  t h e  e f f e c t s  is i n   q u a l i t a t i v e   a g r e e -  
men t   w i th   t he  TL = 124" C d a t a   o f   F i g u r e  3 .  

Low L i g h t   I n t e n s i t y  

Because   the   s ign  of t h e   g r a d i e n t  i s  r e v e r s e d  
h e r e ,   t h e  same a rgumen t s   exp la in   t he   r eve r sed   s ign  
o f   t h e   p o w e r   s h i f t   a n d   o f   t h e   a p p a r e n t   l i g h t   s h i f t .  
Note t h a t ,   u n l i k e   t h e   h i g h   l i g h t   i n t e n s i t y   c u r v e s ,  
t h e   s i g n   o f   t h e   a p p a r e n t   l i g h t   s h i f t   c h a n g e s   s i g n  
a s  Pvk g o e s   t o  i t s  maximum va lue .  The same argu-  
m e n t s   e x p l a i n   t h i s  when we r e c a l l   t h a t  r'(z) maxi- 
m i z e s   n e a r   t h e   c e n t e r   o f   t h e   c e l l   ( r a t h e r   t h a n  
m o n o t o n i c a l l y   i n c r e a s i n g   a s   b e f o r e ) .   F i g u r e  4 
shows t h a t   t h i s   r e v e r s a l   a l s o   o c c u r s   e x p e r i m e n -  
t a l l y .  

I n  summary, t h e   q u a l i t a t i v e   a g r e e m e n t  i s  good 
b u t   t h e   q u a n t i t a t i v e   a g r e e m e n t  i s  r a t h e r   p o o r .  Our 
c a l c u l a t i o n s   s t r o n g l y   i n d i c a t e   t h a t   t h e   s p a t i a l  
v a r i a t i o n   o f   t h e   m a g n e t i c   b i a s   p r e d o m i n a t e s   o v e r  
t h e   g r a d i e n t   i n   t h e   p h y s i c a l   l i g h t   s h i f t  i n  o u r  
t es t  s e t u p .   N e v e r t h e l e s s ,   q u a l i t a t i v e   a r g u m e n t s  
s u g g e s t   t h a t  a s m a l l   l i g h t   s h i f t  term would  improve 
t h e   f i t   t o   t h e   d a t a .   B e c a u s e   t h i s   t e r m   ( a n d   t h e  
m a g n e t i c   t e r m ,   a s   w e l l )  may v a r y   s i g n i f i c a n t l y   f r o m  
u n i t   t o   u n i t ,  we have   chosen   no t   t o   be l abor   t he  
p o i n t .  

V .  Conclus ions  

Frequency  measurements  were made on a rubid ium 
lamp-and-ce l l   sys tem  tha t  i s  t y p i c a l   o f   t h e   m a j o r -  
i t y  of  t h e   p a s s i v e   r u b i d i u m   f r e q u e n c y   s t a n d a r d s   i n  
t h e   f i e l d .  The d a t a  show t h a t   f r e q u e n c y   s h i f t  
v e r s u s  Perk can  be a l a r g e   e f f e c t .   T h e r e  i s ,  
h o w e v e r ,   i n s u f f i c i e n t   d a t a   t o   d e t e r m i n e   w h e t h e r  
v a r i a t i o n s  i n  Ppx a r e   t h e   c a u s e   o f   t h e   o b s e r v e d  
l o n g   t e r m   i n s t a b i l i t y   i n   t h i s   t y p e   o f   u n i t .  The 
inhomogenei ty   model   discussed  here--which  intro-  
d u c e s   t h e   " p o s i t i o n   s h i f t "   c o n c e p t - - g i v e s  a good 
q u a l i t a t i v e   f i t   t o   o u r   f r e q u e n c y   d a t a .   T h i s  is 
s t r o n g   i n d i c a t i o n   t h a t   s p a t i a l   g r a d i e n t s   i n   f r e -  
quency  combined  with a r e l a t i v e l y   m o t i o n l e s s  
ensemble  of   a toms  provide  the  physical   mechanism 
b e h i n d   t h e   d a t a .  
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F i g u r e   2 .   F r a c t i o n a l   f r e q u e n c y   s h i f t   ( w i t h  
r e s p e c t  t o  u r e f )   v e r s u s  Pi-'k: The 
r e f e r e n c e   f r e q u e n c y ,  V r e f ,  1s t h e   c e l l  
f r e q u e n c y   f o r  TL = 122.8"  C and a PPk 
l e v e l   o f   - 3 0  dB.  The e r r o r   b a r s  shown 
i n  a l l   f i g u r e s   a r e  1 s igma.  
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F i g u r e  3. F r a c t i o n a l   f r e q u e n c y   s h i f t   v e r s u s  Ppx 
w i t h   b o t h  TL a n d   o p t i c a l   f i l t e r  as 
p a r a m e t e r s .  For e a c h  TL, d a t a  was 
t a k e n   w i t h   a n d   w i t h o u t  the  50 p e r c e n t  
t r a n s m i s s i o n   n e u t r a l - d e n s i t y   o p t i c a l  
f i l t e r .  T h e   s t a n d a r d   m a g n e t i c   b i a s  
a p p l i e s  t o  a l l   d a t a .  The p o i n t   a t  
TL = 124.2" C ,  w i t h  no f i l t e r ,   a n d   a t  
PPx = -23 dB i s ,  v r e f .  
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F i g u r e   5 b .   T h e   s o l i d   c u r v e s   r e p r e s e n t   o p t i c a l   e m i s -  
s i o n   c o r r e s p o n d i n g  t o  t h e   d e s i r e d  (F=l) 
a n d   t h e   u n d e s i r e d   ( F = 2 )   s t a t e s  of  Rbg7. 
T h e   d a s h e d   c u r v e s   r e p r e s e n t   a b s o r p t i o n s  
c o r r e s p o n d i n g   t o   t h e   f i l t e r i n g   d u e   t o  
Rb85.  The s t r o n g   o v e r l a p  o f  the   Rb87 ,  
F=2 and   t he   Rb85 ,   F=3   l i nes   p roduces  
t h e   d e s i r e d   f i l t e r i n g .   T h e   p a r t i a l   o v e r -  
l a p   o f   t h e  R b 8 7 ,  F=l   and  the  Rb85,   F=2 
l i n e s   l i n e s   p r o d u c e s   a n   u n d e s i r e d   t r u e  
l i g h t   s h i f t .  
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F i g u r e  4 .  Same a s   f i g u r e  3 e x c e p t   t h a t   n o   i n t e n -  
t i o n a l   m a g n e t i c   b i a s  i s  a p p l i e d .  
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Figure 6. Full  linewidth (at half power  points) 
versus TL. Data obtained by amplitude 
modulating  the microwave power. 
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Figure 8. Theoretical prediction of  peak absorp- 
tion amplitude versus Ppk. The crosses 
simulate  data  taken  at TL = 123.9" C 
which  is shown for  comparison. To em- 
phasize saturation a theoretical point 
is shown for a level  of Ppk which is 
10 dB above  the maximum available ex- 
perimentally. 
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Figure 7. Peak  absorption  amplitude  versus TL. 
Data obtained  by amplitude modulating 
the  microwave  power. 
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Figure 9. Theoretical prediction  of  full  line- 
width  (at half power  points)  versus 
Ppk.  The crosses simulate data  taken 
at TL = 123.9" C which is shown f o r  
comparison. 
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Figure  10. T h e o r e t i c a l   p r e d i c t i o n  of f r a c t i o n a l  
f r e q u e n c y   s h i f t   v e r s u s  Ppk. The two 
u p p e r   c u r v e s   s i m u l a t e   t h e  TL = 124.2"  C 
d a t a   o f   f i g u r e  3. The lower   pa i r  of 
cu rves - -   wh ich   s imula t e   t he  
TL = 115.5" C d a t a   o f   f i g u r e  4-- were 
ca l cu la t ed   f rom a m a g n e t i c   g r a d i e n t  of  
o p p o s i t e   s i g n   t o   t h a t   u s e d   i n   t h e   u p p e r  
p a i r  of c u r v e s .   I n   t h i s   f i g u r e ,  r e f  
i s  a r b i t r a r y .   U n l i k e   t h e   a c t u a l   d a t a ,  
t h e   a v e r a g e   f r e q u e n c y   o f f s e t   b e t w e e n  
the  upper   and  lower  pair   of   curves   has  
n o  meaning. I t  i s  t h e   c h a n g e   v e r s u s  
a n d   w i t h   f i l t e r   w h i c h  i s  impor t an t .  
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